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Abstract 

We found Fuchs-Garnier pairs in 3 x 3 matrices for the first and second Painleve equations 
which are linear in the spectral parameter. As an application of our pairs for the second 
Painleve equation we use the generalized Laplace transform to derive an invertible integral 
transformation relating two its Fuchs-Garnier pairs in 2 x 2 matrices with different singularity 
structures, namely, the pair due to Jimbo and Miwa and the one found by Harnad, Tracy, 
and Widom. Together with the certain other transformations it allows us to relate all known 
2x2 matrix Fuchs-Garnier pairs for the second Painleve equation with the original Gamier 
pair. 
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1 Introduction 

The phrase "linearization of the Painleve equations" is widely understood to refer to the fact 
that the nonlinear Painleve equations canbe associated with certain overdetermined systems 
of linear differential equations in two complex variables. The linear systems may be written 
as scalar or matrix equations and are typically referred to as Lax pairs for the Painleve 
equations. In our previous paper [§] we suggested calling these systems the "Fuchs-Garnier" 
pairs for the Painleve equations to pay tribute to the two scientists who first introduced 
these systems in the beginning of the XX-th century. In the period since Fuchs and Gamier 
first wrote their (scalar) pairs the list has expanded so that now, for most of the Painleve 
equations, there are several different Fuchs-Garnier pairs associated with the same Painleve 
equation^] The different Fuchs-Garnier pairs for a given Painleve equation may differ from 
each other not only by simple gauge transformation but also by matrix dimension and/or 
analytic structure (the number and type of singular points). Our general belief is that all 
Fuchs-Garnier pairs for a given Painleve equation should be equivalent in the sense that 
there should exist explicit transformations that map these pairs to each other. In many 
cases such transformations are known, however, there are still several instances of different 
Fuchs-Garnier pairs whose equivalence is expected but not yet established. The main goal 
of this work is to construct such an explicit transformation between two Fuchs-Garnier pairs 
for the second Painleve equation, 

P 2 : l|=2y 3 + ty + a (1.1) 

where a G C is a complex parameter. Both pairs were obtained in 1979-1980: one pair 
is due to Flaschka and Newell [5] (JW-pair) and the other is due to Jimbo and Miwa [5] 
( JM2-pair). The F TV-pair was originally obtained as a similarity reduction of the Lax pair 
for the modified KdV equation; the JM2-pair was originally obtained from the scalar pair 
of Gamier, although it can also be obtained as a similarity reduction of the Lax pair for the 
nonlinear Schrodinger equation. 

The solution of the aforementioned problem associated with Pi is intimately connected 
with the other central theme of this work, namely, the construction of the so-called secondary 
linearized Fuchs-Garnier pairs for Pi and the first Painleve equation, 

«= g = % 2 + '- M 

The notion of secondary linearized Fuchs-Garnier pairs for the Painleve equations was in- 
troduced in our previous work [5] and refers to Fuchs-Garnier pairs which are linear in 
the spectral parameter A, see system (|1.5j) below. However it is important to mention that 
the question concerning a relation between the FN- and J Mi- pairs was one of the main 
motivations for both our works. 

We recall that the matrix Fuchs-Garnier pairs for the Painleve equations have the fol- 
lowing form 

^=A(X,t)Y, ^=U(X,t)Y, (1.3) 

where A € C is an auxiliary variable called the spectral parameter and A(X,i), U(X,t) G 
GL(N, C) are rational functions of A and are analytic in t. Jimbo and Miwa [8] showed that 
for all Painleve equations such pairs exist in 2 x 2 matrices. The Frobcnious compatibility 
condition of system (|1.3p 

A t -Ux + [A,U) = 0, (1.4) 



1 Actually most of the "new" pairs appeared as similarity reductions of various Lax pairs for nonlinear partial 
differential equations integrable via the Inverse Scattering Transform method which explains why they are often 
referred to as Lax pairs for the Painleve equations. 
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where [ , ] is the usual matrix commutator, being imposed identically for all values of A, is 
equivalent to one of the Painleve equations. 

As is mentioned above Fuchs-Garnier pairs can be scalar and matrix. The scalar pairs for 
Pi and Pi were obtained by Gamier [3] . All other scalar Fuchs-Garnier pairs that we know 
in the literature are related with the Gamier pairs via simple transformations. The situation 
with the matrix Fuchs-Garnier pairs for Pi is also fairly easy to summarize. The basic 2x2 
matrix pair for Pi (JMi-pair) was found by Jimbo and Miwa [5]. It is straightforward to 
prove that the JMi-pair is equivalent to the scalar pair obtained by Gamier. Moreover, 
the other 2x2 matrix pairs for Pi that can be found in the literature are related with 
the JAii-pair by the Fabri [7] and Schlcsinger transformations [8] (in the other terminology 
via quadratic i?S'-transformations |llj). As for the matrix Fuchs-Garnier pairs for P2 the 
situation is more interesting. To the best of our knowledge all matrix pairs for Pi that were 
discussed so far in the literature are given in 2 x 2 matrices. There are three different matrix 
pairs: the FN- and JM2-pairs mentioned already in the previous paragraph, and the one 
obtained by Hamad, Tracy, and Widom [5] (f/TW-pair) . We give a detailed account of 
all these pairs in Section [3] It is straightforward to establish that the Fabri transformation 
maps the HTW-p&ir into the FiV-pair (see details in Section [3]) and that the JAf2-pair is a 
matrix version of the scalar Gamier pair (see Appendix IA")) . However, a direct link between 
the FN- (equivalently HTW-) and the JMi- pairs is not that obvious; this link is one of 
the main matters of our paper. 

Central to our investigation of this problem arc 1 the so-called secondary linearized Fuchs 
Gamier pairs, the technique that we began to develop in our previous work [S]. In that 
work we found the secondary linearized Fuchs-Garnier pairs in 3 x 3 matrices for the third, 
fourth, and fifth Painleve equations. In this paper we complete the list of the secondary 
linearized pairs for the Painleve equations by adding to it the pairs for Pi and Pi. The 
secondary linearized Fuchs-Garnier pair for the sixth Painleve equation was known earlier 
due to Harnad [B] (see also Mazzocco [13]). 

Secondary linearization is here taken to mean presenting each of the Painleve equations 
in terms of a Fuchs-Garnier pair with equation on spectral parameter A of the following 
form, 

(XBi(t) + B 2 (t))^ = (\B 3 (t)+B A (tj)v, (1.5) 

i.e., with coefficients linear with respect to A. In [jJJ, using the similarity reductions of the 
Lax pair for the three-wave resonant interaction (3WRI) system, we obtained secondary 
linearized Fuchs-Garnier pairs in 3 x 3 matrices for all the Painleve equations except Pi and 
Pi. As there are no similarity reductions of the 3WRI system to Pi and Pi this approach 
could not be used to obtain secondary linearized pairs for the latter equations. So in this 
paper we complete a list of the secondary linearized Fuchs-Garnier pairs for the Painleve 
equations. 

The main advantage of the secondary linearized pairs is that the Laplace transform maps 
them one into another without changing the matrix dimension of the corresponding Fuchs- 
Garnier pairs. This property is lost for Fuchs-Garnier pairs which are rational functions 
of the spectral parameter of degree more than 1. In this work the fact that the matrix 
dimension is not altered is the key to constructing an explicit link between the J Mi- and 
the FN- pairs for Pi since the two secondary linearized 3x3 matrix pairs that are related 
by the generalized Laplace transform can be reduced independently to the different 2x2 
matrix pairs. The reduction of our secondary linearized 3x3 matrix pairs to the 2x2 matrix 
Fuchs-Garnier pairs is done via two different mechanisms: (i) by a special normalization of 
equation (jl.5| : and (ii) from a degeneracy that occurs under application of the generalized 
Laplace transform to equation (|1.5p . We call a secondary linearized Fuchs-Garnier pair 
degenerate iff det (\Bi(t) + Bi(tf) = for all A £ C. The reader will see that, in the case of 
Pi and P2, the generalized Laplace transform maps nondegenerate Fuchs-Garnier pairs into 
degenerate ones. 

In Section [5] we present a nondegenerate secondary linearized Fuchs-Garnier pair for Pi 
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( J KTi-pair) . We show that under the formaH Laplace transform it maps to a degenerate 
Fuchs-Garnier pair (d J-ftTTi-pair) . We then show that the dJKTi-pau is equivalent to the 
JAfi-pair, which is, in turn, a matrix form of the original Garnier pair, G\. Schematically, 
the content of Section [5] can be described by the graph shown in Figure [U where the vertices 
represent the corresponding Fuchs-Garnier pairs and the edges are invcrtiblc transformations 
relating them. 



Laplace 

• • • • 

JKT\ dJKTi JMt Gi 



Figure 1: The diagram of the Fuchs-Garnier pairs for Pi and mappings between them. 

The rest of the paper is devoted to P^. Schematically its content can be presented by 
the graph shown on Figure [5] The vertices and the edges of the graph are different Fuchs- 
Garnier pairs for P^ and the mappings between them, respectively. The vertices abbreviated 
as JKT with sub- and superscripts denote 3x3 matrix Fuchs-Garnier pairs that we have 
constructed. The subscript {2} means the pair for P 2 , the prefix d, as above, says that 
the corresponding pair is degenerate, and the superscripts {1, 2, 3} label different degenerate 
Fuchs-Garnier pairs. The graph is commutative and all mappings are invertible. The edges 
without name correspond to the reduction transformation from the 3 x 3 to 2 x 2 matrix and 
the 2x2 matrix to scalar Fuchs-Garnier pairs and their inverses. Our main result is the 
diagonal mapping indicated by the red edge. It is obtained in two ways: as the composition 
of transformations along the upper and lower roots connecting vertices J Mi and HTW. 
These compositions coincide which proves the commutativity of our diagram. 



JKT 2 dJKTl 




FN 



dJKT\ dJKTl 

Figure 2: The commutative diagram of the Fuchs-Garnier pairs for P 2 and corresponding map- 
pings. 

This diagram is constructed in Sections and Appendices [X] and [B] 
In Scction[3]we recall the main subjects of our study - the 2x2 matrix Fuchs-Garnier pairs 
for P2 due to Jimbo-Miwa (JA/2-pair), Flaschka-Newell (FW-pair), and Harnad-Tracy- 
Widom (HTW-p&ir). We also show that the Fabri transformation [7J, which is natural to 
employ for the HTW-p&ir and is well-known in asymptotic theory, maps the i?TW-pair 
to the F TV-pair. This fact was earlier noticed in [TU]. Finally, we conclude this section 
with a presentation of the main result of this paper, i.e., we give a direct invertible integral 
transformation mapping the HTW-pair to the JM2-pair. Appendix [Al completes the general 
overview of the 2x2 matrix pairs by showing a relation of the JM2-pair to the scalar Garnier 



2 We call a Laplace transform formal in case we do not specify its contour of integration. 
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pair (G2-pair). Here we also consider one more Fuchs-Garnier pair for P2 in 2 x 2 matrices 
obtained by Conte and Musette p] (CM2-pair) and show how it can be mapped directly to 
the JA/2-pair without reference to the scalar G2-pair. 

In Section |3] we present two new 3x3 matrix secondary linearized Fuchs-Garnier pairs for 
P2, one of which is nondegenerate, together with the corresponding integral transformation 
between them and their reductions to the JM2- and HTW- pairs. Using these results we 
construct a formal integral transform between the JM2- and HTW- pairs. 

In Section [5] we present two other new 3x3 matrix secondary linearized Fuchs-Garnier 
pairs for P2 , different from those in Section |H Both pairs are degenerate and are related via 
the generalized Laplace transform. As in the previous section we construct transformations 
relating these pairs with the JM2- and HTW- pairs and on this basis obtain exactly the 
same formal integral transform between the latter pairs as in Section 0J 

Finally in Appendix [B] we show how to find a contour of integration in our integral 
transformations which completes the proof of our main result. 



2 Fuchs-Garnier pairs for Pi 

In Subsection 12.11 we construct the Fuchs-Garnier pairs and corresponding mappings pre- 
sented by the graph on Figure [T] In Subsection 12.21 we discuss the Fabri-transformed 3M\- 
pairs that appeared in the literature and present a new and simpler version of the Fabri- 
transformation. 



2.1 Secondary Linearization of P 1 
Proposition 2.1. Consider the following system of linear ODEs 

5- = M 1 + y z | * 

a V \ \0 0/ V 1/4 



JKT X : { 



(2.1) 

m , ,0 -1\ / -y -z- ' 
— = 2 U + -1/4 -2y\ | * 
1 / V -1/4 



Where y = y(t) and z = z(t) are analytic functions oft. Then the compatibility condition 
reads, 



dy dz „ , . . 



i.e. is equivalent to equation. (|1.2 



Proof. The straightforward check of the Frobenious compatibility condition (|1.4[) with A — > 



In our terminology this is a nondegenerate secondary linearized Fuchs-Garnier pair for 

Pi. 

Let us make the generalized Laplace transform of the Fuchs-Garnier pair (|2.1| with 
respect to the variable fi, 

9(fi,t) = J e A ^$(A,t)dA, (2.3) 
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with such contour L chosen to make the certain off-integral terms vanish^ The result reads: 

,2 



dJKTx 





1 




















: 


dX ~ 1 




(2.4) 



In our terminology this is a degenerate Fuchs-Garnier pair. To formulate our next result we 
recall the Fuchs-Garnier pair for Pi found by Jimbo and Miwa [5], 



JMi 



dY 


(* 


G 


5 


dA ~ 




















i) 



+ A 



y 
4 



-2 



y 2 + l 
-Ay z 



Y. 



y 
2 



(2.5) 



y. 



Proposition 2.2. TTie Fuchs-Garnier pair (|2.4p is equivalent to the JM\-pair (|2.5p . 

gives the following relation between 



Proof. The third row of the A-equation in system 
the elements of the functions $: 

$i = 4A$ 3 . 

Using this relation to eliminate $i from the system (|2.4[) and defining Y = (—$2/4, 3>3) T we 
find that Y solves JM x -pair ([23]) . □ 



We conclude this subsection by mentioning that if the vector solution to system (|2.5p is 
written as Y = (Yi, Y2) T , then the function V = Y(A, t) defined as Y2 = \/X — y V satisfies 
the original Gamier pair for Pi, 



Gi 




V 



4(A-y) 2 
1 dY 



2{\-y)d\ 4(A-y) 



4A 3 + 2tA + (t/) 2 
Y. 



4y 3 - 2ty V, 



2.2 The Fabri type transformation for JAfi-pair 

Since the matrix coefficient of A 2 in the right hand side of the JMi-pair (|2.5p has zero 
determinant and zero trace, it is standard in asymptotic theory to apply the Fabri-type 
transformation [7] A = ( 2 to "cure the defect" at infinity. It was first applied to system 
(|2.5p by Jimbo and Miwa in the same work [S] where the JMi-pair was obtained (see p. 437) 
under the name of the "shearing" transformation. As a result they obtain an equation (see 
(C.5) in [5]) with an additional apparent Fuchsian singularity at the origin. Although this 
does not cause any problems for application of the isomonodromy deformation technique in 
studying, say, asymptotics of PiQ this form of the Fabri-transformed JMi-pair does create 
problems in application of the Riemann-Hilbcrt approach. This is due to the fact that 
the corresponding connection matrix (the matrix connecting fundamental solutions at the 
singular points zero and infinity) for this pair now depends on the solution of Pi. This 
problem was first identified by Fokas, Mugan, and Zhou [3]. To correct this additional 
problem these authors introduced one more gauge transformation depending on a spectral 
parameter, and thus they produced another Fuchs-Garnier pair (FMZ-pair) for Pi. The 

3 Here we do not discuss the choice of this contour, so that we leave this transformation at the formal level. 
The notation is explained in more detail in Appendix [B] where the appropriate choice of contour for the case of 
P2 is given. 

4 The monodromy matrix at the origin is just equal to —I, and thus does not depend on t. 
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approach of [3] necessitated the introduction of an additional function, v(t), which is related 
with the Pi function y(t) via the Riccatti differential equation iv'(t) — 2v 2 (t) = y(t). This 
function appeared in the FM Z-pair because in the Riemann-Hilbert setting there appears 
an additional parameter in the connection matrix which corresponds to the constant of 
integration in the Riccatti equation. 

Here we show that there exists a Fabri-type transformation which is free of both problems 
indicated in the previous paragraph: it does not have an additional Fuchsian singularity at 
the origin like the original Fabri-transformcd JMx-pair and the FMZ-pair. Our Fabri-type 
transformation for the fundamental solutions of (12.51) reads 



Y(X,t) 



-C/2 



f 



A = C 2 



We find that our Fabri-type transformation maps the JMi-pair to the following one, 



(dZ = 4 /l 

dc P [p -i 



C 3 (° 4 y )+C 2 



-Ay 2z 
4y 



JMi/F : < 



C 



dZ 
~dt 



-2z 2y 2 + t 
-8y 2z 

1 

-1 



y 
2 



1/2 




z. 



z. 



(2.6) 



An important role in the study of the Fabri-transformed JAfi-pairs is played by the so- 
called CTi-symmetry of the fundamental solutions related with the reflection, £ — > — £. The 
latter symmetry is not easy to observe looking directly at our pair (|2.6p . however, a method 
of its derivation suggests the following identity for the fundamental solutions, 



-C/2 



Z(C) = Y(\) = 13 C fj Z(-QC, 
for some C € SL{2, C). Thus, the ai-symmetry for our pair reads, 

z(-C) = (J \ C )z(c)c, 

where clearly C G SL{2, C), and thus has nothing to do any more with the Pauli matrix <j\\ 

3 The 2x2 matrix Fuchs— Garnier Pairs for P2 

The rest of the paper is devoted to Pi- Henceforth the notation y and z means solutions of 
P 2 (|l.ip and equation P 34 (sec equation (|3.3p . below), respectively. Subsections I3.H|3~H are 
devoted to the review of the known results for the 2x2 matrix Fuchs-Garnier pairs for P 2 . 
In Subsection 13.51 we formulate the main result of the paper. 



(2.7) 



3.1 The Jimbo-Miwa Pair 

Jimbo and Miwa [S] give the following matrix version of the Fuchs-Garnier pair for P 2 : 



JM 2 : < 



dY 
~d\ 
dY 
I dt 



1 



-1 

Xfl 

2 U -1 



+ A 
1 

+ 2 



u 

^2u- 1 z 

u 

-2u- x z 



z + t/2 
-2u- 1 (yz + 6) 



Y, 



The compatibility condition (|1.4p for Jil/2-pair (|3.ip reads: 



du 



dy 



dz 



dt = ~ yu > Tt =v +z+ r Tt=~ 2yz 



-uy 

-z - t/2 



(3.1) 
(3.2) 
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Excluding the functions u and z from (|3.2|) we find that the function y satisfies P2 (|l.ip 
with a = 2 — 6. 

Excluding the functions u and y from (13. 2p we find that the function z satisfies the 
following second order equation, 



P . d z 



1 /dz\ 2 „ 2 6> 2 

— (— -2z 2 -£z-— , (3.3) 



which, up to a scaling change of z and f, coincides with the 34-th equation in the classical 
Painlcvc- Gambicr list, see p. 340 in [7]. 

For the convenience of the reader we present in Appendix [5] a relation of the JA/2-pair 
with the original scalar Gamier pair (G2-pair) and a direct mapping of another 2x2 matrix 
version of G2-pair by Conte and Musette p] (CM2-pair) to the JM2-pair. 

3.2 The Flaschka-Newell Pair 

Flaschka and Newell [5] found the following Fuchs-Garnier pair for P2: 

= ( - 4iC 2 <r 3 + 4yCTi - 2y'(T 2 - i{2y 2 + t)a 3 - jaA Z, 
FN: { ^ V ^ 7 (3.4) 



where £ is the spectral parameter, t is the dynamical variable, prime denotes differentiation 
with respect to t, and a%, 03 is the standard notation for the Pauli matrices: 

A /0 -A A 



The compatibility condition (|1.4p for PiV-pair (|3.4p implies that y is a solution of P2 1|) . 

We note that the equation in A in the JM2-pair has one singularity only, an irregular 
singularity at infinity, while the equation in £ in the FiV-pair has two singularities, a regular 
singularity at £ = and an irregular singularity at infinity. It follows that there does not 
exist an algebraic gauge transformation for generic values of the parameter a between these 
systems. 

Let us also mention one more difference between the JM2- and FN- pairs, namely, the 
additional eri-symmctry for solutions of the FiV-pair, 

Z{-Q=ia x Z{C)C, where C G SL(2, C). (3.5) 
3.3 The Harnad-Tracy-Widom Pair 

There also exists a third 2x2 matrix Fuchs-Garnier pair for P2, which was first given 
implicitly by Harnad, Tracy, and Widom in [5j in connection with Random Matrix Theory. 
Explicitly this pair was presented by Kapaev and Hubert [10] and in connection with the 
symmetric form of P2 by Noumi 12J. The HTW-paii may be written as 

_ >(s ;)+(? " <2+ r +t, KC -.))* 

HTW : { " , , \ , (3-6) 

A , f-y o\\ w 




or\h y 



where 9 is a complex parameter. Compatibility of system (|3.6p implies that the functions y 
and z satisfy the following system of nonlinear ODEs: 
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Eliminating z from this system we find that the function y satisfies the second Painleve 
equation (j 1 . 1 [) with parameter a = 1/2 — 0. 

For completeness we recall the symmetric form of P2 [12] . 

f' Q = -2qfo + a , f 1 = 2qf 1 +a 1 , q' = ^(/i - / ), 

where <xq = 1 — 9, a\ = 9, and the functions /o = fo(t), fx = fi(t) and q = q(t) in our 
notation read: 

fo = z + 2y 2 + t, /1 =-z, q = -y, 
so that the HTW-~p&ir gets a natural parametrization in terms of the "symmetric variables" . 

3.4 The Fabri transformation 

-f/TVF-pair (|3.6|) and FiV-pair (|3.4|) are related via a special Fabri-type transformation [ID] : 



Z(C,t) = G(CWM), G(C) = 4=(; /)(^) CT3/2 , M = -2C 2 (3.8) 



-f 1 - 1 , 

^ v 1 1 y V 2 c 



The function z in (|3.6p is given by the equation z = y' — y 2 — |. The cti -symmetry for Z 
(|3.5p follows from the Fabri transformation because of the identity^ 

G(-QG- 1 (Q=i<r 1 . 

3.5 Main Result 

Now we are ready to formulate the main result of this paper. 

Theorem 3.1. The fundamental solution Y(X,t) of JM 2 -pair (|3.ip is related with the fun- 
damental solution W(/JL,t) of HTW-pair Q3.6P via the following integral transform 

(~ "J ^ 2) ^ /2W ^ *) = / e- A3 / 3+A ^-*/ 2 V(A, t)dA, (3.9) 

where the contour L is specified in AvvendixWl The inverse transformation is given by the 
inverse Laplace transform. 

The proof of this Theorem is given in Sections [4] and [5] 

Corollary 3.2. The relation between the JM2- and FN- pairs can be obtained as a compo- 
sition of equations (|3.8p and (|3.9p . 

4 A 3 x 3 Fuchs— Garnier Pair for P2 

Proposition 4.1. The compatibility condition for the linear system 

-1 X + y 

_ i 

2 



JKT 2 : { 



dX ~ 


(* + 


2y 2 - 

-y 
l 


d$ 


(~\ 

\« 


i- 

2~ 

y 

i 

2 




I 3, 

-y 

where Kj,j = 1,2 are parameters, is governed by the following system of nonlinear equations: 

dy 9 t t£z „ . , , , „. 

i=V 2 + * + - r Tt =-2yz-( Kl -n 2 ). (4.2) 



3 Compare with the analogous derivation for Pi (|2.7p . 
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Eliminating z from system (|4.2p we find that the function y satisfies the second Painleve 
equation with parameter a=\ — (ki — K2). 

Proof. The result follows from the Frobenius compatibility condition dtd\Q = d\dt§. □ 



4.1 Reduction to the JM 2 -pair 

Since the compatibility condition (|4.2|) depends on the parameters Ki and K2 only through 
their difference, there is an additional degree of freedom in system (|4.ip . Wc will show that, 
by a special choice of the parameters K\, K2, system (|4.1[) can be reduced to the JM2-pair. 

Proposition 4.2. If Kj = —1 for either j = 1 or j = 2 in system (|4.ip . i/ien system (|4.ip 
can oe reduced to J Mi-pair (|3. 1[) pZws a quadrature. 



Proof. To prove this statement we first note that the coefficient matrix on the right hand 
side of the A equation in (|4.ip has determinant (1 + ki)(1 + ^2)- Setting «j = —1 for either 
j = 1 or j = 2 it follows that, upon diagonalizing the coefficient matrix, system (|4.1[) can be 
reduced to a 2 x 2 matrix system plus a quadrature. To simplify the following calculation 
we note that system (|4.1j) can be written in the following form 

/2A 2 +z + i -Az-yz- + -2(1 + k 2 )(A + y)^ 
^- = - 2(A-y) -z -2(1 + « 3 ) 

dA \ 1 



We present a proof only for a simpler case « 2 = —1, which does not require the diagonalizing 
procedure. It is the case we refer below in Subsection 14.31 The case n\ = — 1 is not employed 
in our work and left to the interested reader. So, we set ^2 = — 1 and note that the third 
component can be solved by quadrature once the remaining two components are determined. 
The first two components of <I> satisfy the following linear 2x2 matrix system: 



dt 



= — A 



2 (2 0\ x fO -z 
1 + A 



1 



"5 IA 





2 




2 

-z 
2 -2y 



z + t —yz — (1 + K\ 
~2y -z 

$ 2 



(4.3) 



We now make a gauge transformation in system l|4.3p . 





= 



X 



(4.4) 



where the function u(t) is defined by v! = — yu. The resulting system is given by 



dX _ ( X 2 







^ = I I A 
dt 2 V V 



+ A 



u 
-2u- x z 









-2u~ x 



u 

z 



z ~uy 
-2u~ 1 (yz+l + ki) -z-t 



(4.5) 



This system is gauge equivalent to the JM2-pair given in (|3.1|) . To see this, we define the 
parameter = (1 + Ki) and make the change of variables 



x(\,t) = e-^/ 3+xt ^Y(\,t). 



□ 
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4.2 Reduction to the HTW-paiv 



Proposition 4.3. System (|4.1|) can be mapped to HTW -pair (|3. 6|) &?/ application of the 
generalized Laplace transform: 



#GM) = y e A ^$(A,t)dA, 
where the contour L is specified in AvvendixWl 

Proof. We start the proof by writing system (|4.ip in the following form: 



(4.6) 



-1 A 






(4.7) 



Substituting (|4.6[) into (|4.7[) . and assuming that the contour L can be chosen to eliminate 
any remainder terms that arise from integration- by-parts, we find 



dJKTl 



'° 1 °\ d* 
1 I /x— 

,0 0; 



/j - (z + 2y 2 + t) —fj,y + Ki 

2^ + 2' 





d^ 

~dt 





(4.8) 



In our terminology, system (|4.8j) is a degenerate secondary linearized Fuchs-Garnier pair for 
P2 . The third row of the fi equation in (|4.8j) gives the following relation between the elements 
of the function "J: 

*i = Mis- 
using this relation to eliminate \I>i from the above equations, we find that the remaining 
components of satisfy the following linear 2x2 matrix system 



= M 



dtp 

Tt=-^ L 



1 




-y -(z + 2y 2 + f) 

3 y 



1 




-y 
\ v 



ip, v = 



1 /«! 
#3 





2 Z K 2 



0, 



(4.9) 



which is gauge equivalent to the iJTW^-pair given in 



□ 



4.3 Integral transform between the JM 2 - and the HTW- pairs 

In this section we construct explicitly the integral transform which maps the 2x2 system of 
Jimbo-Miwa into the 2x2 system of Harnad-Tracy-Widom. 

Theorem 4.4. The function W(fj, 7 t), which solves the HTW -pair given in (|3.6j) . is related 
to the function Y(X,t), which solves the JM^-pair given in (|3.1[) . via the integral transform 
(1531) . 

Proof. From Proposition 14.21 we note that the function Y(X,t) is related to the function 
4>{X, t) in system (|4.3p via the gauge transformation 

^(A,t)=(_°_ 1 ^e-^/W>YW). 



11 
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Similarly, if we set ki = —1 and k\ =9 — 1, then from Proposition 14.31 we note that the 
function W(/i, t) is related to the function %j){fi, t) in system f|4.9[) via the following change of 
variables 

Finally, t) is related to the function <j){X,t) in (|4.3p via the integral transform given in 
(|4.6j) and a simple gauge transformation: 



We then find 



which simplifies to give (|3.9p . □ 



5 Alternate secondary linearization of the 2x2 Fuchs— 
Garnier pairs for P2 

In Section H] we introduced a novel 3x3 matrix Fuchs-Garnier pair for the second Painlcvc 
equation Pi , see system (|4.1[) . One of the principal advantages of this 3x3 matrix system was 
that it is linear with respect to the spectral parameter A, i.e. it is a secondary linearization 
of P2. In this Section we present an alternate secondary linearization of the 2x2 matrix 
Fuchs-Garnier pairs for Pi. 

Proposition 5.1. The degenerate linear system 



dJKT\ : I 












(:': 


1 


3 














~dt 




(5.1) 



is reducible to the 2x2 matrix Fuchs-Garnier pair for Pi of Jimbo-Miwa. 



Proof. From the third row in the A equation in (|5.ip we have the following relation between 
elements of the function $ 

$3 = A<E>i. 

Using this relation to eliminate $3 from system (|5.1[) we find that the remaining two com- 
ponents satisfy the linear 2x2 matrix system given in (|4.3[) with 9 = (1 + Ki). It was 
shown in Proposition 14.21 that this system is related to JM 2 -pair via an elementary gauge 
transformation. □ 

System fTTJ can be mapped to HTW-p&ir. This fact is proved in the following Propo- 
sition. 

Proposition 5.2. System (|5.ip can be mapped to HTW -pair (|3.6p by application of the 
generalized Laplace transform defined in (|4.6|) . 
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Proof. System (|5.ip is linear with respect to the spectral variable A and so we can immedi- 
ately apply the Laplace transform in (|4.6|) . The resulting degenerate 3x3 matrix system is 
given by 



dJKTZ : < 





z 











3 














d^ _ 1 

~dt ~ 2 



+ -(j/z + 6>) 

-2y -ft-z -2 | 

-1, 





z 2> 
-2 2y | 

,/i-(z + i) yz + 6> 0; 



(5.2) 



In order to simplify the following calculation, we make a gauge transformation in system 
of the form 



o o r 

z- 1 z- 1 | x- 
-i 0, 



The resulting system is given by 

'1 0\ , 
^ 



^0 1, 



dft 

dx 
dt 



-(y + ez- 1 ) -(y + Oz- 1 ) 

—jJL — Z —\l 



-2/ - Oz- 1 
l 

2 



-// + (z + rf 

-2yz 




fj,-2z-t 
-y-Oz^ 1 — /j, + z + t\x- 




(5.3) 



(5.4a) 
(5.4b) 



The second row in equation (|5.4a.p implies a relation between the elements of the function \: 



x-2 = -xx — ( z xi + 2yzx3)- 



(5.5) 



Using this relation to eliminate X2 from system (|5.4j) we find that the remaining two com- 
ponents satisfy the following linear 2x2 matrix system 



d^p 

^ = 1 

di> 



-1 


1 




z + t\ 1 fyz + 6 2yz(y + 9z~ 1 ) 





2z - t 




+ - 



0, 



(5.6) 



Making the gauge transformation 



_ f-1 -2y\ a/ 



in system 



get system ()3.6[) . 



(5.7) 
□ 



5.1 Alternate proof of Theorem 14.41 

Proof. From Proposition 1 5 . 1 1 we note that the degenerate system (|5.1|) is reducible to JM2- 
pair (|3.ip . while from Proposition 15 . 21 the degenerate system (|5.4p is reducible to i/TFT-pair 
(|3.6p . The function ^(A, t) in (|5.ip is related to the function xi^i m (|5 .4[) via the following 
integral transform 

' 

X(M= / e AM $(A,t)dA. 
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The first two components of this expression give 

Using relation (|5.5p to eliminate X2 from this expression we find 

(A _kV(M)= [ e x ^(\,t)d\, 

\ H ft / J h 

where tp = (xi, Xz) T an d <t> = ^2) T - From Proposition ^. 1| the function Y(X, t) is related 
to the function 0(A, t) via the gauge transformation 

= ^e-^ 3 ^/ 2 )y(A,t). 

Similarly, from Proposition 15.21 the function VF(/i,t) is related to the function ip(X,t) in 
system (|5.6p via the gauge transform given in (|5.7p . Combining these two expressions we 
find 

(A A)(V ~f ) /^M) = (^-! J)e-^/3 + At/2) y(A) , )dA; 
which simplifies to give Q3.9p . □ 



A On the matrix versions of the Garnier pair for P2 

There are two matrix versions of the original scalar G2-pair: the JM2-pair and the Fuchs- 
Garnier pair obtained by Conte and Musette pQ, the GM2-pair. Since both pairs were 
obtained by some simple transformations from the G2-pair they are equivalent and should 
be related via a simple gauge transformation. However, in [5j there are no explicit details 
given of the relation between the JM2- and G2- pairs and so, to complete our diagram in 
Figure [H we give this relation here. In the work [T] one finds details of the derivation of 
the matrix CA/2-pair from the scalar G2-pair, however it looks very much different from the 
matrix JM2-pair. To establish their equivalence we present a direct transformation between 
the JM2- and CM2- pairs avoiding the original "intermediate" object G2-pair. 

We begin with the relation between the JM2- and G2- pairs. Consider any column of the 
fundamental matrix solution to system (|3.1[) . Yk = (5 / fei,i / fc2) T , k = 1,2, then the function 
V = V(X,t) defined as Y^i = y/u(X — y) V, for any k, satisfies the original Garnier pair for 



2- 



^ = (h^w - ^ + wr + x ' - + t(A2 - ^ + MX - (JL1) 



dV 1 dV 1 



■V, 



dt 2(X-y)d\ 4(A-y) : 
where a = | — 9. 

Thus we have shown that the Jil/2-pair gives a matrix representation of the scalar G2-pair. 
Of course, different matrix representations are also possible and in particular we discussed 
above the GAi2-pair. Clearly, all these matrix representations are equivalent, however some- 
times a direct explicit mapping between them is not immediately obvious. The GM2-pair 
reads: 



CM 2 



(A.2) 
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where y = y{t) is any solution of P 2 (jl.ip and y' = dy/dt. 

To map this system directly into the JiV/2-pair given in (|3.1|) we introduce the parameter 
8 and functions z = z(t), u = u(t) as follows: 

1 , 2 t 

= — — a, z = y — y — — , — = —yu. 

2 y y 2' dt y 

Then a relation between the fundamental solutions of (|3.ip . Y = Y(A,i), and (|A.2[) . M = 
M(X, t), is given by the following gauge transformation depending on the spectral parameter: 

M(X, t) = G(X, t)Y(X, t), G(X, t)=( X+ 1 V J) ^ Q 1/2 . (A.3) 



B Contour of integration in the generalized Laplace 
transform 

Here we explain how to define the contour of integration in equation (|3.9[) . In an analogous 
way the reader can find the contour of integration in the Laplace transform for the Puchs- 
Garnier pairs for P\ considered in Section [5] as well as contours of integration for the Laplace 
transforms of the Fuchs-Garnier pairs for some other Painleve equations considered in our 
previous work [9]. 

We start with some remarks on notation. Let us denote the columns of the matrix X by 
X k = X k , k = 1,2, i.e., X = (X 1 , X 2 ). We assume that X(X) is an integrable function of 
A. The notation L in equation (|3.9|) . as well as in the Laplace transform (|2.3|) considered in 
Section is understood to mean a pair of contours of integration for each column X k : 

L=(C 1 ,C 2 ), sothat Jx(X)dX=(^J X 1 (X)dX, J X 2 {X)dX^j . (B.l) 

For brevity we call L simply the contour of integration. Assume that, for k = 1,2, the 2x2 
matrices Ck and the 2x2 diagonal matrices arc independent of A. Then for any two 
integrable 2x2 matrix functions Xk(X) we have the following identity: 

/ {C 1 X 1 (X)D 1 +C 2 X 2 (X)D 2 )dX = C 1 f X 1 (X)dXD 1 +C 2 f X 2 {X)dXD 2 . 

JL JL JL 

Let us now commence our analysis with a discussion of some general issues related with 
the choice of the contour L in (|3.9|) . On one hand, we need a closed contour of integration 
because in Sections U and [5] we assume vanishing of the certain off-integral terms that appear 
due to the integration by parts. On the other hand, the integrand in (|3.9p is an entire function 
of A, thus the contour of integration cannot be closed in the finite domain of the complex A 
plane and should pass through the point at infinity, since we would like to get a nontrivial 
function W(fi, t). This brings us immediately to the issues of convergence and conditions on 
L which ensure that the integral does not vanish. 

To cope with these two problems we have to consider in more detail the asymptotic 
behaviour of the fundamental solutions of the JM2-pair. The main instruments for this are 
the canonical solutions Y n (X,t), n € Z of JA/2-pair (|3.ip . which are defined (uniquely) by 
their asymptotic expansion as A — > 00, 

F«(A,t)~ (i + o(\))cxp((X 3 /3 + Xt/2-8 log A) a 3 ) , (B.2) 



-A 

where / is the identity matrix and log A = log | A| + i arg A, in the corresponding sectors 

7r ir(n — 2) 7r 7m 

Sn=<X: 6 + ^-^ <argA< 6 + T 
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The canonical solutions are related with each other by the Stokes matrices, S„ 

^n+l(A) = ^(A)^, S2k+1 = ( n 2 *j +1 j 5 5*2fe = 



,0 1 J ' ^ \s 2k 1 

where the numbers s n G C arc called the Stokes multipliers. Moreover, 

y n+6 (Ae 2 ™) = Y n {\)e- 2me °*, n G Z. 

^From the above definitions one can easily deduce that the Stokes matrices satisfy the so- 
called cyclic relation, although this is not important in the following. We now find the leading 
term of asymptotics of the integrand in (|3.9[) assuming that Y coincides with Y ni 

Y = e -* 3 /3+(M-t/2)\ Y (x f) _ (\~ e » \ 

AGS„ v 7 

In the above asymptotics we have two exponential functions, namely, e Xfl and e~ 2X / 3_tA . 
The contour of integration should be chosen such that both exponents should vanish as 
|A| — ► oo. The "Laplace exponent", e A/J , we make small as |A| — > oo by demanding that 
Re A/i < 0. Since the contour has two directions as |A| — > oo we get two conditions on (i. To 
satisfy both conditions we must have the angle between these directions less than tt. The 
directions themselves are chosen such that the second exponent, e _2A / 3 ~ tA 7 decays. It can 
be any directions inside of the following sectors: 6>2fc fl S2k+i, k £ Z. To achieve a better 
convergence the contour can be chosen asymptotic to the rays {A : argA = 27m/3,n € Z}. 

We have to take care that integrating a fundamental solution Y(X, t) in equation (|3.9p 
we arrive at some fundamental solution W(fi,t). This means that, between the asymptotic 
directions of our contour, an arch of circle centered at the origin and having a large radius 
should cross a Stokes ray where the corresponding column of the fundamental solution Y (A, t) 
is affected by the Stokes phenomenon. If this condition is not satisfied then the column vector 
will be exponentially vanishing on that circle (as the radius enlarges to infinity) and, by the 
Cauchy theorem, the the integral of that column taken along the contour also vanishes. In 
fact, this condition actually means that the above mentioned arch intersects two Stokes rays 
of the matrix solution. In the sector between these Stokes rays our column is unbounded 
as |A| — > oo, so that the Cauchy theorem docs not apply. Strictly speaking, after wc choose 
the contour we also have to prove that wc obtain the fundamental solution W((i, t) by, say, 
calculating its asymptotics as fx — > 

Now we apply the above principle to construct the contour L in (|3.9p . Consider, for 
example, the canonical solution Y^k, k G Z. The reader can check that defining contour 
L = Lk with C\ = C\ = Ck-, where £k is defined as any smooth simplcQ curve asymptotic to 
the rays R^k+i an d wnere 

7T 7TTI 

Kl := {A: argA = -- + — + (-l) n e}> neZ and < e < tt/3, 

D O 

fits all the conditions indicated in the above paragraphs, provided the following condition is 
imposed on /i: 

7r 2irk 2nk 

— +£<arg/i<7r e. (B.4) 

This condition comes from the imposing the exponential decay condition, tt/2 < argA/i < 
37r/2, for asymptotics of Y^k on the rays -fi^fc+i ano - ^2fc+2- Note that the asymptotics on 
i?2/c+i is given by equation (|B.3jl for n = 2k, while on 7?.| fe+2 the Stokes phenomenon dictates 
the following leading term of asymptotics for Y2k, 



Y 2k 



\~ 6 e Xtl 



a^oo I A Ve- 2A / 3 - tA M S2k 1 



S2kS2k+l — S2fc+1 



6 This calculation should be obvious for the experienced reader, we omit it here. 
7 The absence of selfintersections is not actually important. 
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With this choice of the contour L in (|3.9p we construct the function W(fi) for all values of 
(x except the rays, : arg// 7^ 7r(l + 2fc)/3, k E Z. On the latter rays can be obtained 

via the analytic continuation. We can, also, obtain W(fi) on these rays by a proper choice 
of the contour L. In the latter case it splits into the two contours (|B. 1|) . 

For example, assume arg/i = it. Construct the following solution Y = (Y^Y^), where 
F 2 2 and Y 4 2 are the second columns of the canonical solutions Y2 and Y4, respectively. The 
function Y is a fundamental solution of system ()3.ip . iff S3 7^ 0. Consider now the following 
anti-Stokes raytH 

K„ := {A : arg A = 2mr/3}, n = 0, 1, 2. 

Now we can define contour L = {C\, £2) in (|3.9[) where for k = 1, 2, is any smooth simple^ 
curve with two asymptotic rays and i?o- 
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It is the rays that originally were called the Stokes rays. 
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